Much of the present day qualitative phenomenology of the fractional quantum Hall effect can be understood by neglecting the interactions between composite fermions altogether. For example, the fractional quantum Hall effect at ϭn/(2pnϮ1) corresponds to filled composite-fermion Landau levels, and the compressible state at ϭ1/2p to the Fermi sea of composite fermions. Away from these filling factors, the residual interactions between composite fermions will determine the nature of the ground state. In this paper, a model is constructed for the residual interaction between composite fermions, and various possible states are considered in a variational approach. Our study suggests the formation of composite-fermion stripes, bubble crystals, as well as fractional quantum Hall states for appropriate situations.
I. INTRODUCTION
In two dimensions, electrons subjected to a strong magnetic field avoid one another by capturing an even number of quantized vortices and turning into composite fermions. 1, 2 The composite fermions interact much more weakly than electrons. In fact, tremendous progress can be made toward understanding the dramatic behavior of this system by treating composite fermions as noninteracting. It is not that there is no interaction between the composite fermions, but it is weak and often does not alter the nature of the state in a qualitative manner, i.e., can be treated perturbatively. In such situations, while the inter-composite-fermion ͑CF͒ interaction is surely important for quantitative considerations, it does not affect the qualitative phenomenology, and can be neglected altogether when the aim is to describe the qualitative phenomenology.
For example, the odd-denominator fractions ϭn/(2pn Ϯ1) map into *ϭn of composite fermions carrying 2p vortices. Here, the system has a gap even in the absence of inter-CF interactions-in stark contrast to the electron system at ϭn/(2pnϮ1) which had an enormous degeneracy in the absence of interactions-and it is possible that for many of these filling factors, the gap would not disappear as the inter-CF interaction is slowly turned on to its physical value. If that were the case, the inter-CF interaction is unimportant at a qualitative level. This explains the fractional quantum Hall effect 3 ͑FQHE͒ at filling factors ϭn/(2pn Ϯ1) in terms of the integral QHE ͑Ref. 4͒ of composite fermions. 1 Another example is at fractions ϭ1/2p, which map into composite fermions at zero effective magnetic field. If the interactions between composite fermion are neglected, a Fermi sea is obtained. 5 Conceptually, it is more difficult to justify the neglect of inter-CF interactions in this case, as there is no gap for the Fermi sea. Nonetheless, at least there is a well defined ground state for composite fermions, unlike for noninteracting electrons at ϭ1/2p, and various experimental studies 6 have shown that the CF Fermi sea is a good starting point for many purposes.
We recall that at relatively high temperatures and low mobilities only the integral quantum Hall effect was seen, which is explained by neglecting the interaction between electrons. As the sample quality improved and temperature lowered, the FQHE was observed, which is understood in terms of weakly interacting composite fermions. While the model in which the composite fermions are taken as noninteracting has been strikingly successful, one may ask if another set of structures would emerge as the experiments further improve. This question has motivated our investigation of the subtle physics arising from inter-CF interactions. Fortunately, there already exists a good microscopic approach for investigating this issue, in the form of the wave functions for composite fermions. 1 Even though these wave functions are motivated by the physics of independent composite fermions, they give an excellent description of the interaction between the composite fermions. 2, 7, 8 In fact, the wave functions practically give the exact solution to the problem, which implies that they incorporate the full interaction effects. For example, consider the low-energy branch of excitations, described as an exciton of composite fermions. If the composite fermions were noninteracting, this branch would not have any dispersion. In reality, there are oscillations in the energy as a function of the wave vector, arising from the residual interaction between the CF particle and the CF hole. The dispersion computed from the wave functions provides an accurate account of the oscillations. 2, 7, 8 The wave functions similarly obtain the energy of two CF particles or two CF holes quite accurately.
The inter-CF interactions are of course always relevant to quantitative issues. However, there are two situations in which they can also make a qualitative difference in the physics. The first situation is when the inter-CF interaction overwhelms the gap of the noninteracting CF model, thereby destroying the FQHE. 9, 10 It has been shown that for р1/9 as well as for most fractions in higher Landau levels, the FQHE undergoes an excitonic instability, i.e., the energy of the exciton becomes smaller than the energy of the uniform filled CF Landau-level ͑LL͒ state. The CF theory thus not only tells us where the FQHE occurs but also where it does not. ͑Recent experiments 11 have shown evidence for FQHE at 1/9 at finite temperatures. Even though this observation is not presently understood, it ought to be stressed that it is not inconsistent with the earlier theoretical predictions which only address the zero-temperature phase.͒ A pairing instability has also been suggested at ϭ5/2, i.e., at the half-filled second LL, where the residual interaction between the composite fermions is attractive. 12, 13 The resulting instability of the CF Fermi sea causes a gap to open up here, producing a plausible scenario for the 5/2 fractional quantum Hall effect. 14 The other situation where the inter-CF interaction is expected to be important is away from the special filling fractions ϭn/(2pnϮ1), where the topmost CF LL is only partially occupied, and the ground state has a large degeneracy if the inter-CF interaction were to be turned off. The degeneracy for independent composite fermions is much smaller than for independent electrons even here, making the former a better-defined starting point. The weak residual interaction between the composite fermions will decide the nature of the true ground state here. The present paper deals with such situations.
The first possibility that comes to mind when composite fermions partially occupy a Landau level is that of their fractional QHE. This could happen when the composite fermion filling factor is *ϭnϮn /(2p n Ϯ1), which corresponds, as usual, to electrons filling factors given by ϭ*/(2p* Ϯ1). We will consider the special case when the base composite fermions are carrying two vortices, denoted by 2 CF's, and the 2 CF's in the topmost partially occupied CF LL capture two additional vortices to become 4 CF's ͑composite fermions carrying four vortices͒ and condense into an incompressible state with n filled Landau levels. The full state is then made up of two flavors of composite fermions, with 2 CF's in the lower filled CF LL's, and 4 CF's in the topmost CF LL. Such states are quite analogous to the FQHE state at ϭ2ϩ1/3, where electrons in the second LL convert into composite fermions whereas the electrons in the lowest LL remain electrons. Such states have been considered in the past, 1, 15, 16 and dubbed mixed flavor states of composite fermions. Of course, depending on the filling, it is also possible that composite fermions would capture additional vortices to form a Fermi sea or a paired state. Yet another possibility is for them to not capture any new vortices but rather to phase separate in some manner, possibly through formation of stripes. Our aim in this paper is to consider these possibilities as quantitatively as presently possible over a range of filling factors.
It should be emphasized that while these states are easily viewed in terms of composite fermions, they are fantastically complicated in terms of electrons. Consider the possibility of pairing at ϭ3/8, for example. 16 First, all electrons capture vortices to turn into 2 CF's at *ϭ1ϩ1/2; then, those in the half filled CF LL put on two more vortices, and attempt to make a 4 CF Fermi sea; but the Fermi sea is unstable to pairing; pairing opens up a gap to produce a fractional quantum Hall effect. Such a state could perhaps not be envisioned without the knowledge of composite fermions.
In an earlier short paper, 17 we studied composite fermion fillings given by *ϭnϩ1/2 by this method. The present paper gives further details and also considers a broader range of filling factors. The plan of the paper is as follows. In Sec. II, we enumerate the various approximations that go into the calculation. Section III discusses how we obtain the pseudopotentials for the inter-CF interaction, and how we obtain from it a real space interaction between composite fermions. Certain preliminary observations are made in Sec. IV. The variational wave functions are given in Sec. V, and Sec. VI discusses the results of our calculations. In Sec. VII, we briefly investigate the effect of finite thickness on our results.
II. ASSUMPTIONS
We will be studying composite fermions at fillings of the type *ϭnϩ n * , where n is the number of filled composite fermion Landau levels and n * is the filling fraction of the topmost composite fermion Landau level. In order to make progress, we will make several assumptions.
The system will be taken to be fully spin polarized, which is a valid approximation for sufficiently high magnetic fields. The method can be adapted to situations for which the states are only partially spin polarized, 16 but here we will confine our attention to fully spin-polarized systems.
Below we will map the problem of interacting electrons into that of interacting composite fermions only of the topmost partially filled CF Landau level. The interaction between composite fermions will be obtained by ''integrating out'' the composite fermions of the lower filled CF LL's.
We will assume that the filled CF Landau levels can be treated as inert and the problem can be defined solely in terms of the composite fermions in the topmost partially filled CF Landau levels. This should be qualitatively correct between well defined FQHE states described by filled CF Landau levels. It should also be a quantitatively accurate approximation when the CF LL separation is large compared to the inter-CF interaction. Indeed, for a filling factor in the range 1/3ϽϽ2/5 the composite fermion theory neglecting CF-LL mixing provides a very good description of the actual states obtained from exact diagonalization. 7, 8 However, this approximation may become worse when the effective cyclotron energy is not too large; here the hybridization of CF states with higher CF Landau levels may become relevant.
Given that the composite fermion system actually represents a strongly correlated state of matter, the interaction energy for composite fermions in general involves two-, three-, and n-body terms. The most critical assumption will be our neglect of three-and higher-body terms. Following Wojs and Quinn, 18 we will assume that the interaction energy of the many composite fermion system can be modeled as a sum of pairwise interaction. Furthermore, we will determine the pair interaction from the system that contains only two composite fermions in the partially occupied CF Landau level ͑with the lower CF Landau levels fully occupied͒. This assumption is valid only if the three-and higher-body terms do not cause a phase transition.
There are indications that the higher-order terms are small. The exact energy spectrum of the system with three composite fermions in the second CF LL ͑where the only input is the Coulomb interaction between the electrons͒ has been compared with the energy spectrum that the pair-wise interaction predicts, and a reasonably good agreement is obtained. 18 The latter spectrum is obtained by diagonalizing the effective two-body interaction between composite fermions obtained by the method outlined earlier. However, no systematic study of the effects of multiparticle interaction has been performed as a function of the number of particles. Another limitation of our work is its variational nature, which makes it as good as the trial wave functions for various states. For example, for FQHE states, we will use the standard wave functions for composite fermions.
1 These are extremely accurate in the lowest Landau level, but not so accurate for FQHE in higher Landau levels. Of course, it is also possible that the actual ground state has some completely new structure, not described physically by any of the trial states considered here.
These caveats are meant to stress right at the outset that the results below are not ''hard'' predictions of the composite fermion theory, but are predicated upon several assumptions. This study is the first step toward a theoretical treatment of the interaction between composite fermions, and it is hoped that future experimental and theoretical studies will shed light on the reliability of our present model.
III. MODEL FOR INTERACTION BETWEEN COMPOSITE FERMIONS

A. Pseudopotentials for CF-CF interaction
It is known that a two-body interaction of fermions confined to some Landau level is fully characterized by its Haldane pseudopotentials 19 V m , which are the energies of two particles in the relative angular momentum state m,
Here l 0 is the magnetic length, L m is a Laguerre polynomial, and ͉ m ͘ is the two-body state of relative angular momentum m. For fully spin polarized fermions, only the pseudopotentials V m with odd integer values of m are relevant. In this paper, the Fourier transformation is defined symmetrically,
where J 0 is a Bessel function. In the equations below, the interelectron interaction V(r)ϭe 2 /⑀r will be expressed in units of e 2 /⑀l 0 , and r in units of l 0 ; the interelectron interaction then becomes V(r)ϭ1/r. The appropriate units will be put back at the end.
Given the pseudoptentials we can construct the two body interaction in the lowest LL using the following formula:
Alternatively, we can directly write the Hamiltonian as
Here P m i j projects particles i and j onto a state of relative angular momentum m. This Hamiltonian is useful for exact diagonalization study.
The pseudopotentials for composite fermions are defined similarly. For the pseudopotentials in the nth composite fermion Landau level, we consider the state in which the lower CF Landau levels are fully occupied and the (nϩ1)st CF Landau levels contains two composite fermions. V m CF is then defined as the energy of the state in which the two composite fermions are in the relative angular momentum m state. In other words,
where ͉ m CF ͘ is the wave function of composite fermions in the relative angular momentum m states. Note that the state of two composite fermions in the (nϩ1)st level is a many body state of electrons. For convenience, the energy is measured relative to E ϱ , the energy of the state in which the two composite fermions are far separated. ͑For finite systems the value of E ϱ is chosen in the manner explained below.͒ We use the spherical geometry for our calculations. 19 Following the standard procedure for writing the wave functions for composite fermions 1 the wave function for the relevant state with angular momentum L is given by
where ⌽ 1 is the wave function of one filled LL, ⌽ n ϩϩL is the wave function of the electron state in which n LL's are fully occupied and the (nϩ1)st LL contains two electrons in an angular momentum L state:
Here ⌽ n is the state with n-filled LL's, a nϩ1,m 1 ϩ creates an electron in the l z ϭm 1 state in the (nϩ1)th LL, l is the angular momentum of a single composite fermion in the (n ϩ1)st LL, and ͗LM͉lm 1 ;lm 2 ͘ are Clebsch-Gordon coefficients. Because the energy depends only on the total angular momentum L, we work with M ϭ0, i.e., m 1 ϩm 2 ϭ0. The explicit form for the general wave functions of this kind is given in the literature. 8 P LLL is the lowest LL projection operator.
In the spherical geometry, V m is defined as the energy of the state with angular momentum Lϭ2lϪm ͑Ref. 20͒:
This brings the definition of the pseudopotentials into conformity with the disk geometry, reproducing the disk pseudo-potentials in the thermodynamic limit N→ϱ, when the angular momentum of the lowest Landau-level shell also diverges: l→ϱ. To see this, it is helpful to note that in the disk geometry, the separation between the two particles increases with m. In the spherical geometry, the smallest separation is obtained when both particles are put in the same l z state, which corresponds to the largest angular momentum Lϭ2l ͑not bothering about the Pauli principle here͒. Thus the largest L corresponds to the smallest m.
The integrals are performed using Monte Carlo; we evaluate V m CF for up to 50 particles. Of particular interest is the short-range part of the interaction, which appears to converge to the thermodynamic limit fairly quickly with the number of particles, as expected. The long-range part of the interaction is explicitly known, as discussed below.
In order to minimize the computation time, we calculate several pseudopotentials within one Monte Carlo run by sampling with one wave function m s CF (r), according to
where (ϭ * ) means that the two sides are equal upto an additive constant. Generally, the error increases as the angular momentum moves away from the sampling angular momentum, and one must eventually use a different state for sampling; however, sampling with a single state works satisfactory for Nр40, where N is the total number of particles. In a Monte Carlo run with composite fermions, all elements of the determinant are altered even if a single particle is moved, because of the strongly correlated nature of the problem. However, in a given step, the determinants that combine to give the state with a well defined L differ only in two columns. Rather than calculating each determinant entirely, we use an updating trick earlier used in Ref. 21 , which is a generalization of a method used for updating determinants that differ only in one column. 22 The method is explained in the Appendix.
The pseudopotentials for the CF-CF interaction are shown in Fig. 1 
B. Inter-CF interaction in real space
Now that the composite fermions of the fully occupied CF LL's have been integrated out to produce an effective interaction between the composite fermions of the partially filled CF LL, only the N composite fermions in the topmost partially filled LL will be explicitly considered in what follows. ͑Earlier, the symbol N was used for the total number of composite fermions, but below it will be reserved for the number of composite fermions in the partially filled CF LL.͒
We thus have a system of fermions restricted to a certain CF LL, with an interaction known through its pseudopotentials. It would be most natural to feed the pseudopotentials into an exact diagonalization routine and compute the ground state. However, such studies are not useful for some of the states that we wish to consider. The system sizes accessible to exact diagonalization are too small to capture the physics of compressible or stripe states. ͑Also, the spherical geometry often used for exact diagonalization is not particularly convenient for the stripe phase.͒ We shall instead proceed by considering variational wave functions for several different kinds of states, and determining which has the lowest energy. As mentioned earlier, this approach has the shortcoming that we do not know if we have missed the true ground state, and even for a given state, we may not have a sufficiently accurate wave function. We will consider all of the states that have been investigated in the past in the lowest and higher Landau levels of electrons, and hope that the actual ground state is one of them. Ultimately, only experiments can tell us for sure if that is the case.
We will evaluate the energies of the some of the trial wave functions using the Monte Carlo method, for which we will need a real space form for the interaction between composite fermions. Furthermore, it is convenient to write various trial wave functions in the lowest Landau level. So we will map the problem of composite fermions at *ϭnϮ n * into that of N fermions in the lowest LL at n * . Such a mapping can, in principle, be carried out exactly, because the problem of fermions in any given LL with one interaction is equivalent to that of fermions in a different LL with another interaction, provided the Haldane pseudopotentials for the two interactions are the same. Defining the problem in the lowest LL helps us to find the energies for various composite fermion states, because convenient techniques exist for writing the wave functions in explicit form in the lowest LL.
For some of the states ͑paired state, Fermi sea͒ the calculation will be done in the spherical geometry, and the energy in the thermodynamic limit (N→ϱ) will be estimated by an extrapolation of finite system results. For the stripe and bubble phases, the calculations will be done directly for the thermodynamic limit in the planar geometry. In this case, the spherical geometry is used only for the determination of the effective interaction between composite fermions.
In order to map the problem of composite fermions at *ϭnϮ n * into fermions at n * in the lowest Landau level, we need to find an effective interaction V e f f (r) which produces the desired pseudopotentials in the lowest Landau level. A proper consideration of the long range part of the interaction is important for our purposes below, especially in the context of stripes, the period of which is determined by a competition between the short range attraction and long range repulsion. Therefore, we treat the long distance part of the interaction explicitly in our calculations. Fortunately, the form of the interaction in this limit is known: it is given by the Coulomb interaction between particles of fractional charge e/(2nϩ1), i.e.,
where r is the dimensionless distance between the composite fermions measured in units of l 0 , the actual magnetic length at . At the effective magnetic field, i.e., the magnetic field corresponding to the filling factor *, the natural unit for length is l*. We denote the distance measured in units of l* by r*. The long-range part then translates into
where we have used l 0 /l*ϭ(2nϩ1)
. We model the full interaction between composite fermions at the effective magnetic field B* by the following form:
The power series, with properly chosen coefficients c i , takes care of the short-range part of the inter-CF interaction. The functions of the kind r* 2i e Ϫr* 2 are used because the pseudopotentials for such functions are analytically calculable. Many other functional choices could work equally well; the mapping from pseudopotentials to a real-space interaction in the lowest LL is one-to-many, and all real-space interactions with the same pseudopotentials are completely equivalent in the absence of LL mixing. ͑Slightly different functions were chosen in Ref. 23 . There the long-range Coulomb interaction was not considered explicitly, because that work dealt with the composite fermion Fermi sea, which corresponds to the limit n→ϱ, so the last terms vanish.͒ It is important to choose a real-space form for the effective interaction that makes the interaction as smooth as possible; large oscillations of the interaction lead to larger errors in the Monte Carlo evaluation of the energy.
The units for the effective potential defined above ought to be noted. If we replace e 2 /⑀l 0 by e 2 /⑀l* in Eq. 13, then the interaction has the natural form for a problem at the effective magnetic field. We do our calculations with this interaction potential, and then obtain the final energies by a change of units.
Next we proceed to find values for the coefficients c i so that the pseudopotentials of V e f f reproduce the pseudopotentials V m CF calculated earlier from microscopic wave functions. Because we are considering fully polarized states, only the odd pseudopotentials are relevant. In principle, it is possible to fix all of the c i 's to reproduce all V m CF 's exactly, but in practice, we will fix the first several ͑five to six͒ odd pseudopotentials only. That is sufficient for our purposes, given many other approximations that go into the calculation. The energy is determined predominantly by the shortdistance part of the interaction. Of course, at long distances, the above model interaction automatically gives the correct behavior, thereby ensuring that it is quite accurate almost everywhere.
The energy of two composite fermion particles evaluated from microscopic wave functions receives contribution from two sources; their self-energies and their interaction. The self-energy can be identified by putting them far apart; because it is constant, it does not affect the calculation in any way. We find it convenient to subtract it out by shifting all V m CF by a constant so that the last pseudopotential ͑remember that there are only a finite number of pseudopotentials in a finite system͒ becomes equal to the pseudopotential of the long-range part of the model interaction,
where ͉ m max ͘ is the two-body state with relative angular momentum m in the lowest LL. It is expected that for sufficiently large systems, the contribution of the Gaussian terms to the last pseudopotential is negligible due to their rapid decrease with distance. from wave functions, and the pseudopotentials calculated from the real-space model interaction are shown in Fig. 1 of Ref. 17 and our Fig. 1 , indicating that the real-space interaction provides a good representation of the V m CF . The specific choice of which c i are taken to be non-zero in our work ͑Tables VII and VIII͒ is dictated by the smoothness of the real space form of the interaction. We also note that the form of V e f f (r*) depends on details, and can appear rather strange, with oscillations and even attractive regions, but proper results are guaranteed so long as it generates the correct pseudopotentials.
IV. PRELIMINARY OBSERVATIONS
A glance at the CF pseudopotentials reveals one of the most striking features of the inter-CF interaction: it is often attractive. The smallest energy is obtained at the smallest relative angular momentum, i.e., at the shortest distance. This is true for CF particles in the third or higher CF-Landau levels and for CF holes in the second and higher CF LL's. This fact already appears to suggest an answer to one important question: Are there any new FQHE states between the fractions n/(2nϩ1)? New FQHE states here can appear if 2 CF's in a partially filled CF LL capture additional vortices to form a FQHE state. However, capture of vortices requires a sufficiently strong short range repulsion. Given that the inter-CF interaction is actually attractive, any new FQHE in the range 2/5ϽϽ1/2 appears unlikely ͑for fully polarized systems͒, to the extent that our model for interacting composite fermions is trustworthy. ͑The caveat is important; for example, three body interaction could play an important role, or when there are many composite fermions, the nature of the two-body interaction might change slightly from our model which considers only two composite fermion particles.͒ Nonetheless, the form of the interaction suggests that new FQHE states in the range 2/5ϽϽ1/2 are either very weak or altogether absent. That is entirely consistent with experiments.
For composite fermions in the lowest CF Landau level (Ͻ1/3), on the other hand, the interaction is strongly repulsive ͑Fig. 1, top panel͒, and a new FQHE is expected. That is also consistent with experiment. The 2 CF's capture two additional flux quanta to become 4 CF's, which then fill Landau levels to produce a FQHE at ϭn/(4nϮ1). There is presently experimental evidence for six members of these sequences. 11 These states can be interpreted either as the integer QHE of 4 CF's or as the FQHE of 2 CF's; they are ''pure'' ͑as opposed to ''mixed''͒ in the sense that they contain only a single flavor of composite fermions.
The CF pseudopotentials in Fig. 1 of Ref. 17 and Fig. 1 of this paper also indicate that the assumption of treating the interaction between many composite fermions as the sum of two body interactions is not unreasonable. In a given CF LL, Fig. 1 of Ref. 17 gives the interaction between two CF particles in an otherwise empty CF LL, whereas Fig. 1 gives the interaction between two CF holes in an otherwise full CF LL. The latter is a many-body state of CF particles. However, the two interactions are rather similar both in shape as well as magnitude, which is what would be expected if only two body terms were relevant.
V. VARIATIONAL STATES
A. 4 
where ⌽ n Ј is the wave function of n fully filled LL's and P LLL projects the state onto the lowest LL. Recall only the 2 CF's in the partially filled CF LL are considered explicitly here; the filled 2 CF Landau levels have been integrated out in producing the effective interaction. The state at * ϭnϩ1/2 is obtained in the limit nЈ→ϱ, where the filled Landau-level state ⌽ n Ј becomes a Fermi sea. We expect these states to be energetically favorable when V 1 CF is large compared to other pseudopotentials.
The energies of these states can be calculated with the help of the real-space interaction, following the method outlined in the literature. The spherical geometry will be used in our calculations, and the thermodynamic energy will be obtained from a linear, least squares fit of the finite system energies plotted as a function of 1/N.
B. 4 CF pairing
At the half-filled Landau level, pairing of composite fermions also becomes possible. A weak repulsion between fermions is believed to lead to pairing of composite fermions at half-filling. 12, 13, 16, 23 The second LL Coulomb interaction between electrons falls within this class of interactions. The paired state is reasonably well described by a Pfaffian wave function, 13 which, in particular, has been shown to have lower energy than the CF Fermi sea at ϭ5/2.
23 Numerical studies on small systems have shown that this state has a fairly large overlap with the exact ground state, 16 although the overlaps are not decisive, in contrast to the case for filled composite fermion Landau levels for which the overlaps are in excess of 99%.
We ask whether or not the interaction between CF's at half-filled CF LL's favors the paired state of 2 CF's. Here 2 CF's capture two vortices to turn into 4 CF's and then form pairs. With 2 CF's as base particles at a filling factor equal to 1/2, we consider the Pfaffian wave function for the paired state,
where P f ͓ M ͔ is the Pfaffian of the matrix M with components 
C. 2 CF stripes and bubble crystals
For an attractive interaction, phase separation is a likely possibility, which, from our experience with higher Landaulevel physics, would lead to the formation of stripes or bubble crystals. In this case, the base particles, 2 CF, do not capture any additional vortices. We calculate the energies of these states closely following the Hartree-Fock formulation used earlier 24, 25 for electrons in higher Landau levels; the only difference is the form of the interaction. We give here a brief outline of the calculation for completeness, which closely follows Ref. 24 .
Consider fermions in the plane of size L x ϫL y . In the lowest LL the eigenstates are 
we have
The Fourier transform of the density operator, (r) ϵ⌿ † (r)⌿(r), is given by
With the changes of variables:
the density operator becomes
Define the interaction operator V :
͑27͒
In the Hartree-Fock ͑HF͒ approximation, the energy of the system is given by ͗V ͘ϭ
͑28͒
In terms of the operator ⌬(q)ϵ(1/2) ͚ k e
which represents the density of orbit centers, the energy is ͗V ͘ϭ
where Ũ (q)ϵV(q)e
and U(r) is its Fourier transform. It is convenient to define Ũ HF (q)ϭŨ (q)Ϫl 0 2 U(ql 0 2 ) where the first term corresponds to the direct interaction and the second to the exchange interaction. ͗V ͘ in the above equation gives the CF-CF interaction energy, to which the CF-background and background-background interaction energies must be added to obtain a finite result. Following Ref. 24 we define the cohesive energy as the energy difference measured from the uniform Hartree-Fock state
͑30͒
We can now calculate the cohesive energies of the stripe and bubble phases. In the stripe phase with the periodic length of stripe ⌳, the orbit-center density is written as
where ͕q͖ϭ 2 ⌳ ϫ͕ . . . ,Ϫ3,Ϫ2,Ϫ1,1,2,3, . . . ͖. So the cohesive energy is
͑32͒
In the bubble phase with the lattice constant ⌳ b for the hexagonal lattice, radius of the bubble Rϭ ͱͱ 3/2⌳ b and area of a cell Aϭ(ͱ3/2)⌳ b 2 , the orbit-center density is
where qϭne 1 ϩme 2 , e 1 ϭ4/ͱ3⌳ b ŷ , and e 2 ϭ2/⌳ b x Ϫ(2/ͱ3⌳ b )ŷ . This gives the cohesive energy
͑34͒
With our effective interaction the sums in stripe and bubble calculations converge quickly as we increase the cut off for q. Reference 24, which deals with electrons in the higher electronic LL's, finds that the transition from the bubble to the stripe phase occurs at n Ϸ0.4, where n is the electron filling in the (nϩ1)st Landau level. Somewhat surprisingly, we also find a transition at n *Ϸ0.4 in all of our calculations.
As far as the comparison of stripe and bubble phases is concerned, it is sufficient to know the cohesive energy; the energy of the reference, uniform HF state need not be evaluated. However, to compare with the Fermi sea, the FQHE state, or the paired state, we also need to know the energy of the uniform HF state, which must be subtracted from the full energy to obtain the cohesive energy.
To calculate the energy of the uniform HF state we assume that the CF-CF, background-background, and CFbackground interactions are all of the same form, characterized by V m CF . Since the direct interaction terms cancel each other the only remaining part is the exchange term of the CF-CF interaction. Thus the energy of the uniform state E 0 is
For example in the case of the Coulomb interaction,
2. The cohesive energy per particle for the CF Fermi sea ͑squares͒ and the CF paired state ͑circles͒ as a function of N, the number of CF ''holes'' in the topmost CF level. The thermodynamic energies are also shown for the CF stripe and bubble phases by a dash (Ϫ) and cross (ϫ) on the y axis, respectively. All energies are measured relative to the uncorrelated uniform density state, explained in the text. The corresponding results for CF ''particles'' at *ϭ1ϩ1/2, *ϭ2ϩ1/2, and *ϭ3ϩ1/2, corresponding to ϭ3/8, 5/12, and 7/16, were given in Ref. 17. which is a familiar result. For other interactions, we evaluate E 0 numerically.
VI. RESULTS AND DISCUSSION
The energies of various states are shown in Fig. 2 ͑ii͒ Stripes: At *ϭnϩ 1 2 , which corresponds to ϭ(2n ϩ1)/͓2(2nϩ2)͔, the stripe phase has the lowest energy ͑for nу1). The stripe phase is obtained independently of whether we model *ϭnϩ 1 2 as 1/2 filling of CF particles on the background of n-filled 2 CF Landau levels, or as 1/2 filling of CF holes on the background of nϩ1 filled 2 CF Landau levels, which suggests that the result is robust. It should be noted, however, that the issues regarding the stability of the unidirectional charge-density wave against a modulation along the length and also against quantum fluctuations, which have been investigated in the context of electronic stripes in higher Landau levels, 26 have not been considered here.
The lowest energy for stripes is obtained for period ⌳/l 0 ϭ10, 28, and 34 for ϭ3/8, 5/12, and 7/16. The period is rather large compared to that for the electron stripes in higher LLs ͑for which ⌳/l 0 is of order unity͒, which is not surprising because the interaction between composite fermions is rather weak, and also the difference between the densities of the FQHE states on either side is quite small.
A transport anisotropy in higher electronic Landau levels, interpreted in terms of stripe formation, is observed at temperatures below ϳ50 mK. 27 The conditions for the CF stripes are more stringent. Estimates of the critical temperature from the Hartree-Fock theory are not quantitatively reliable, but noting that the effective interaction between composite fermions at *ϭnϩ1/2 is roughly an order of magnitude smaller than for electrons at ϭnϩ1/2, as measured by the pseudopotentials, we expect the critical temperature to also be similarly reduced. Also, the much larger period suggests the need for a high degree of density homogeneity.
͑iii͒ Bubbles: At *ϭnϮ 1 3 with nу1, the bubble phase has the lowest energy. We remind the reader, however, that our trial wave functions for FQHE states that work very well in the lowest Landau level are not so good in higher Landau levels, which makes our calculation somewhat biased against the FQHE.
To estimate at what filling a transition occurs from the bubble crystal to the stripe phase, we have determined their energies as a function of the filling factor, shown in Fig. 4 . The stripes are found to be stable approximately in the region 0.4Ͻ*Ͻ0.6, outside of which bubbles take over. Overall, the phase diagram for various states of composite fermions, shown schematically in Fig. 5 , is remarkably similar to that for electrons. For electrons, ͑i͒ the FQHE occurs in the lowest Landau level, ͑ii͒ stripes are believed to be relevant in the vicinity of ϭnϩ1/2 for nу2, and ͑iii͒ bubble or Wigner crystal takes over in higher Landau levels for ϭnϩЈ with ЈϽ0.4. The behavior for 2 CF's is quite analogous.
VII. FINITE THICKNESS
We have assumed until now that the electron layer width is zero. In actual experiments, the electron wave function has a finite extent in the transverse direction, which modifies the interaction pseudopotentials. The modified interaction has been obtained in a local-density approximation. 28, 29 To estimate how finite thickness affects the results presented above, we have calculated the pseudopotentials for composite fermions in the second CF LL and found ͑Fig. 6͒ that the value V 3 CF , which is the largest pseudopotential, is reduced as we increase the density of the electrons. However, the change is not large enough to alter the previous results. As seen in Fig.  7 , at ϭ4/11, where the composite fermion filling is * ϭ4/3, the bubble crystal phase continues to be most favorable among the ones studied.
VIII. CONCLUSION
In summary, we have considered theoretically the question of what states of composite fermions are feasible as a result of the residual interaction between composite fermions. For this purpose, we have constructed a model for the CF-CF interaction, and studied various plausible states within a variational scheme. Our results suggest that the fractional quantum Hall effect, the stripe phase, as well as the bubble crystal of composite fermions can all occur at various filling factors.
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APPENDIX
One of the most time consuming aspects of our Monte Carlo calculation is the evaluation of determinants. When two matrices have many common columns ͑rows͒, the determinant of one can be related to the other, which amounts to substantial saving of computation time in Monte Carlo. Here we describe a general method for it.
Consider two nϫn matrices A and AЈ, which differ only in the (i 1 ,i 2 , . . . ,i m )th columns, where 0Ͻmрn. Our aim is to obtain the determinant of AЈ with minimum computation.
The determinant of AЈ can be written as det͓AЈ͔ϭdet͓A͔det͓A
À1
AЈ͔. ͑A1͒
Since AЈ differs from A only at (i 1 
